SOLVABILITY OF BOUNDARY VALUE PROBLEM WITH A CONORMAL DERIVATIVE FOR AN EQUATION OF MIXED ELLIPTIC-PARABOLIC TYPE by Akbarova, Marguba H. & Akbarova, Surayyo H.
44
Илмий хабарнома. Физика-математика тадқиқотлари, 2020, №1(3) 
 
 
УДК 517.956.6 
 
SOLVABILITY OF BOUNDARY VALUE PROBLEM WITH A CONORMAL 
DERIVATIVE FOR AN EQUATION OF MIXED ELLIPTIC-PARABOLIC TYPE 
 
M. Kh. Akbarova1, S. Kh. Akbarova2  
 
Мазкур мақола аралаш типдаги эллиптик-параболик тенглама учун конормал ҳосилали 
нолокал чегаравий масаланинг қўйилишига ва тадқиқ этишга бағишланган. Бунда қўйилган 
масала ечимининг мавжудлиги ва ягоналиги исбот этилган. Ечимнинг ягоналиги энергия 
интеграли усули ёрдамида, мавжудлиги эса интеграл тенгламалар назарияси асосида  
кўрсатилган. Нолокал чегаравий масала ечимининг мавжудлиги эквивалент равишда нормал 
типдаги, ноль индексли сингуляр интеграл тенгламалар системасига келтирилади.  
Калит сўзлар: чегаравий масала, нолокал чегаравий масала, аралаш типдаги тенглама, бузилиш 
чизиғи, регуляр ечим, конормал ҳосила, конормал ҳосилали масала,  энергия интеграли, интеграл 
тенглама. 
 
Статья посвящена постановке и исследованию нелокальной краевой задачи с конормальной 
производной для уравнения смешанного эллиптико-параболического типа. Доказаны 
существование и единственность решения поставленной задачи. Единственность решения 
показана методом интегралов энергии, а существование решения – на основе теории 
интегральных уравнений. Существование решения нелокальной краевой задачи эквивалентным 
образом сводится к разрешимости системы сингулярных интегральных уравнений нормального 
типа с нулевым индексом.  
Ключевые слова: краевая задача, нелокальная краевая задача, уравнение смешанного типа, 
линия вырождения, регулярное решение, конормальное производное, задача с конормальной 
производной, интеграл энергии, интегральное уравнение. 
 
This article is devoted to the formulation and study of a nonlocal boundary value problem with a 
conormal derivative for an equation of mixed elliptic-parabolic type. Here the existence and uniqueness of 
the solution of the problem is proved. Uniqueness of the solution is shown by the method of energy 
integrals, and existence of a solution is based on the theory of integral equations. Existence of a solution of 
a nonlocal boundary value problem is equivalently led to a solvability of  a system of singular integral 
equations of normal type with zero index. 
Key words: boundary value problem, nonlocal boundary value problem,  equation of mixed type, line of 
degeneracy, regular of a solution, conormal derivative, problem with a conormal derivative, energy integral, 
integral equation. 
 
Introduction. As we know local boundary value problems and problems with a conormal derivative for a 
mixed elliptic-parabolic equation with two inner lines and different orders of degeneracy were studied in the 
works of M.S.Salakhitdinov and his students. Note the work[1-3]. 
In this paper, we study a nonlocal boundary value problem with a conormal derivative for an equation of 
elliptic-parabolic type 
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Formulation of the problem. For equation (1) we consider the following problem. 
Problem BK . Define a function ( , )u x y  with the properties:  
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are satisfied where  s - arc length of curve ,i
 
counted from point 1( ,0),iA h  l  - curve length ;i
 
and 
2 2[] ( ) ( ) .m ns
dy dxA y x
ds x ds y
  = − − 
 
  Hereinafter, for 1i =  the upper sign is taken, and for  2i =  - the 
lower sign.  
    
     Let be    
1 2 ,n n= 1 0,m  2 0,m  22 2 1
2
2max , 1
2
nm n m
m
 +
  − 
+ 
           (8) 
Problem research. It is proved the existence and uniqueness theorem of a solution of problem BK . 
Theorem. If the inequalities  
0
( ) 1,
n
k
k
a y+
=
         1(9 )                       
0
( ) 1,
n
k
k
a y−
=
          2(9 )  
( ) ( ) 0,i is s   0 ( 1,2),s l i  =                             (10 )i  
are satisfied then problem BK  is uniquely solvable.  
Proof. Uniqueness of a solution. Suppose that ( , )u x y  is a solution of homogeneous problem BK . 
We introduce the notations:  
:i
( ) 22 2
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2 12
2 2 2
2 2 2
1 1 ( ) ,
q
q p hx y
q p q
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+ − =  
( ) 1 1, : , ,I x y x h y   
+ =   − = −  
( ) 1 1, : , ,I x y h x y   
− = −   − = − ( ) 2 2, : , ,I x y x h y   
− = = −   −  
1 1 1 2 ,I I   
− + − =    2 2 1 2 ,I I   
− − − =    
0  - enough small number; 
  (0, ) ( ),u y y
−=  2 ,y I
−                                     (11)                                              
    (0, ) ( ),u y y
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( ) ( , 0),i yx u x
− = − 1 ,x I
                                       (14 )i                     
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i i
n nm m
x y x yy u x u dxdy y uu x uu dxdyx y
 
− − 
      − + = − +       
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Taking into account conditions (31), (32), we have  
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By virtue of (8), from the domain i
+  we obtain the equalities  
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Substituting these equalities into (16), taking into account (4 )i , we have  
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From this equality, taking into account conditions (10 )i , we obtain  ( , ) 0u x y =  in the domain . . Thus, 
homogeneous problem BK  does not have a nonzero solution. 
Existence of a solution. In proving the existence of a solution, we will consider the following auxiliary 
problems in the domains 1 2, , , .
+ −      
Problem iBK ( 1, 2).i =  Find a regular solution ( ) 1( , ) ( )i i i iu x y С C + −       in the domain 
i  of equation (1), that satisfies the conditions:  
1) 1( , 0) ( ),yu x C I
−   1 2( ),xu C I I
 −   moreover ( , 0)yu x −  and xu  can go to infinity of order that 
less than ( ) ( )2 21 2 1 2 − −  and 1 at points 1 1( ,0),A h   2 1( ,0),A h−  (0,0),O  2(0, )C h−  respectively; 
 2) satisfies boundary conditions (2 )i , (3 )i , (4 )i и (11), (12), where ( ),y
− ( )y +    are given functions 
from class ( ) ( )12 2С I С I− − , ( ) ( )12 2С I С I+ +  respectively, moreover (0) (0). − +=  
Problem .NK  It is required to find a regular solution 
( ) ( )1 1 1 1 2( , )u x y С С I I  − − + −         in the domain −  of equation (1), that satisfies the 
conditions:  
1) derivatives xu  and yu  can have singularity of order that less than ( ) ( )2 21 2 1 2 − −  at points 
1 1( ,0),A h   2 1( ,0),A h−  (0,0),O  2(0, )C h−  respectively;  
2) satisfies boundary conditions 1(3 ) , 2(3 ) , 1(14 ) , 2(14 )  and bonding conditions 2(5 ) , where 1 ( ),x
−
2 ( )x
− − are given functions, moreover ( )11 1( ) ,x С I − +   ( )12 1( )x С I − −  and they have a singularity of 
order that less than ( ) ( )2 21 2 1 2 − −  at the ends of the interval 1I
+ ,  1I
− .  
Problem .BC  Define a function ( , )u x y from the class 
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are satisfied where  s - arc length of curve ,i
 
counted from point 1( ,0),iA h  l  - curve length ;i
 
and 
2 2[] ( ) ( ) .m ns
dy dxA y x
ds x ds y
  = − − 
 
  Hereinafter, for 1i =  the upper sign is taken, and for  2i =  - the 
lower sign.  
    
     Let be    
1 2 ,n n= 1 0,m  2 0,m  22 2 1
2
2max , 1
2
nm n m
m
 +
  − 
+ 
           (8) 
Problem research. It is proved the existence and uniqueness theorem of a solution of problem BK . 
Theorem. If the inequalities  
0
( ) 1,
n
k
k
a y+
=
         1(9 )                       
0
( ) 1,
n
k
k
a y−
=
          2(9 )  
( ) ( ) 0,i is s   0 ( 1,2),s l i  =                             (10 )i  
are satisfied then problem BK  is uniquely solvable.  
Proof. Uniqueness of a solution. Suppose that ( , )u x y  is a solution of homogeneous problem BK . 
We introduce the notations:  
:i
( ) 22 2
2
2 12
2 2 2
2 2 2
1 1 ( ) ,
q
q p hx y
q p q
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+ =   − = −  
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1
0
( ) lim ( , ),mi yyx y u x y
−+
→+
= 1 .x I
+                           (15 )i  
Then from the elliptic part of the domain   we have the equality  
                 2 22 22 2( ) ( ) ,
i i
n nm m
x y x yy u x u dxdy y uu x uu dxdyx y
 
− − 
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From here at 0 → we get  
( ) 22 2 2
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Taking into account conditions (31), (32), we have  
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By virtue of (8), from the domain i
+  we obtain the equalities  
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Substituting these equalities into (16), taking into account (4 )i , we have  
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From this equality, taking into account conditions (10 )i , we obtain  ( , ) 0u x y =  in the domain . . Thus, 
homogeneous problem BK  does not have a nonzero solution. 
Existence of a solution. In proving the existence of a solution, we will consider the following auxiliary 
problems in the domains 1 2, , , .
+ −      
Problem iBK ( 1, 2).i =  Find a regular solution ( ) 1( , ) ( )i i i iu x y С C + −       in the domain 
i  of equation (1), that satisfies the conditions:  
1) 1( , 0) ( ),yu x C I
−   1 2( ),xu C I I
 −   moreover ( , 0)yu x −  and xu  can go to infinity of order that 
less than ( ) ( )2 21 2 1 2 − −  and 1 at points 1 1( ,0),A h   2 1( ,0),A h−  (0,0),O  2(0, )C h−  respectively; 
 2) satisfies boundary conditions (2 )i , (3 )i , (4 )i и (11), (12), where ( ),y
− ( )y +    are given functions 
from class ( ) ( )12 2С I С I− − , ( ) ( )12 2С I С I+ +  respectively, moreover (0) (0). − +=  
Problem .NK  It is required to find a regular solution 
( ) ( )1 1 1 1 2( , )u x y С С I I  − − + −         in the domain −  of equation (1), that satisfies the 
conditions:  
1) derivatives xu  and yu  can have singularity of order that less than ( ) ( )2 21 2 1 2 − −  at points 
1 1( ,0),A h   2 1( ,0),A h−  (0,0),O  2(0, )C h−  respectively;  
2) satisfies boundary conditions 1(3 ) , 2(3 ) , 1(14 ) , 2(14 )  and bonding conditions 2(5 ) , where 1 ( ),x
−
2 ( )x
− − are given functions, moreover ( )11 1( ) ,x С I − +   ( )12 1( )x С I − −  and they have a singularity of 
order that less than ( ) ( )2 21 2 1 2 − −  at the ends of the interval 1I
+ ,  1I
− .  
Problem .BC  Define a function ( , )u x y from the class 
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( ) ( ) ( )1 2,12 2 1 2\ \С I С I С+ + + + + +       satisfying the following conditions:  
1)  is a regular solution in the domain 
+  of equation (1);  
2) satisfies boundary conditions 1(2 ) , (13 )i ( 1, 2),i =   where ( )i x  are given functions from the class 
( ) ( )21 1С I C I  , moreover 1 2(0) (0). =  
Theorem 1. If conditions (6 )i , (7 )i , (9 )i , (10 )i  are satisfied, then there is a unique solution of problem 
iBK ( 1, 2)i = . 
Proof. As above, the uniqueness of the solution of the problem iBK  is proved by the method of energy 
integrals.  
The existence of the solution of the problem iBK  is equivalently reduced to a system of integral 
equations regarding unknown functions ( ),i y  ( ) :i z   
( )
0
( ) ( , ) ( ) , , ,
y
i i i i iy K y t t dt f y   
+ + += +                                             (19 )i  
1 1
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− − 
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1 2
0 0
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( , , , ),i if z   
− +=                     (20 )i  
where  
( ) 0, , ( ) ( ) ( )i if y y a y y   + +   += + +  
1
0 0
( , ) ( ) ( , ) ( ) ,
hy
i i iH y t t dt M y d    

+ + ++ +   
( )
1
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1
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i k k
k
tH y t a y G x y t
y y
+ 
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  
=  − 
 
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( ) ( ) 11
1
( , ) ( ) , , ; ;
n
n
i k k
k
M y a y G x y   + 
=
=     
( )
1
(2)
1
1
( , ) ( ) , ; ;
mn
i k k
k
tK y t a y G x y t
y y
+ 
=
  
=  − 
 
  
( )1, , ;G x y   - Grin’s function of the first boundary value problem for equation (1) in the domain i
+ [4-
5], and (1) ,G (2)G - functions expressing through Grin’s functions;   
( ) ( )
2
2
1 2 1
2 2 22
2( ) 1 ,
q
i iz x x q x

 
−
−  = + 
  
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1
xz
h x
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+ ( )
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2 2
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( ) ( ) 2 2 2 2 2 2 2 21 10 1 22
1( , ) 1 1 ,
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K z xt t xt xt t xt
t
         + + − − + −= − − + − − − +
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1 , 2  are given constants,  
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
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−
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
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z
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 
 
moreover, the kernels  1 ( , ),K z 
−
2 ( , )K z 
− , which means that the kernel 1( , )K z   may have a weak 
singularity, 2 ( , )K z  - continuously at z  , can go to infinity of order of less than 1 at .z →  And 
function ( )1( , , , ) 0,1i if z C  
− +   and is limited at 0z → , has a weak singularity at 1z → [3]. 
          Due to the properties of the Green’s function, we can verify that ( ), ,i if y  + +  belongs to the 
class 12 2( ) ( )C I C I
+ + , and the kernel    ( )( , ) 0, 0,iK y t С Y X Y
+  . 
          We find a solution of  the equation (19 )i [6-8]: 
( ) ( )
0
( ) ( , ) , , , , ,
y
i i i i i iy R y t f t dt f y    
+ + + + += +                           (21 )i  
Now substitute (21 )i  in equation (20 )i . Then the resulting singular integral equation (20 )i will be a 
normal type equation with zero index [9]. We seek a solution ( )1( ) 0,1i z C   to this equation in the class 
of functions (0),h  where the index equal to zero. By the Carleman – Vekua method, equation (20 )i can be 
reduced to the Fredholm integral equation of the second kind, the solvability of which follows from the 
uniqueness of a solution.   
Theorem 2. If conditions (7 )i , (10 )i  are satisfied, then a solution of problem NK exists and is unique. 
Using the method of energy integrals, it can be shown the a solution of the problem NK  is unique. 
Let be  
0 0
( ) lim ( , ) lim ( , )x xx xy u x y u x y
−
→+ →−
= =        at      2 .y I
−               (22) 
In the domains i
− ( 1, 2)i =  we solve problems iNK  with conditions  (3 )i , (14 )i , (22) and obtain the 
relation  
( )1 2 1 2
0
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( )1 , ; ,G x y  −  −  - Grin’s function of problem iNK [10]. 
Taking into account the properties of the Green’s function, condition (7 )i ( 1, 2)i =  and the conditions 
imposed on the given functions ( )i x
−  of problem NK , it is easy to verify that  
( ) 12 2( ) ( ).y C I C I − − −   
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( ) ( ) ( )1 2,12 2 1 2\ \С I С I С+ + + + + +       satisfying the following conditions:  
1)  is a regular solution in the domain 
+  of equation (1);  
2) satisfies boundary conditions 1(2 ) , (13 )i ( 1, 2),i =   where ( )i x  are given functions from the class 
( ) ( )21 1С I C I  , moreover 1 2(0) (0). =  
Theorem 1. If conditions (6 )i , (7 )i , (9 )i , (10 )i  are satisfied, then there is a unique solution of problem 
iBK ( 1, 2)i = . 
Proof. As above, the uniqueness of the solution of the problem iBK  is proved by the method of energy 
integrals.  
The existence of the solution of the problem iBK  is equivalently reduced to a system of integral 
equations regarding unknown functions ( ),i y  ( ) :i z   
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moreover, the kernels  1 ( , ),K z 
−
2 ( , )K z 
− , which means that the kernel 1( , )K z   may have a weak 
singularity, 2 ( , )K z  - continuously at z  , can go to infinity of order of less than 1 at .z →  And 
function ( )1( , , , ) 0,1i if z C  
− +   and is limited at 0z → , has a weak singularity at 1z → [3]. 
          Due to the properties of the Green’s function, we can verify that ( ), ,i if y  + +  belongs to the 
class 12 2( ) ( )C I C I
+ + , and the kernel    ( )( , ) 0, 0,iK y t С Y X Y
+  . 
          We find a solution of  the equation (19 )i [6-8]: 
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0
( ) ( , ) , , , , ,
y
i i i i i iy R y t f t dt f y    
+ + + + += +                           (21 )i  
Now substitute (21 )i  in equation (20 )i . Then the resulting singular integral equation (20 )i will be a 
normal type equation with zero index [9]. We seek a solution ( )1( ) 0,1i z C   to this equation in the class 
of functions (0),h  where the index equal to zero. By the Carleman – Vekua method, equation (20 )i can be 
reduced to the Fredholm integral equation of the second kind, the solvability of which follows from the 
uniqueness of a solution.   
Theorem 2. If conditions (7 )i , (10 )i  are satisfied, then a solution of problem NK exists and is unique. 
Using the method of energy integrals, it can be shown the a solution of the problem NK  is unique. 
Let be  
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In the domains i
− ( 1, 2)i =  we solve problems iNK  with conditions  (3 )i , (14 )i , (22) and obtain the 
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( )1 , ; ,G x y  −  −  - Grin’s function of problem iNK [10]. 
Taking into account the properties of the Green’s function, condition (7 )i ( 1, 2)i =  and the conditions 
imposed on the given functions ( )i x
−  of problem NK , it is easy to verify that  
( ) 12 2( ) ( ).y C I C I − − −   
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Thus, the solution of the problem NK in the domain i−  ( 1, 2)i =  is defined as a solution of the 
problem iK  with conditions 1(3 ) , (11) и (14 )i . 
Theorem 3. Let conditions (6 )i , (9 )i  be satisfied. Then problem BC  is uniquely solvable.   
Solving the first boundary-value problem in the domains i
+  ( 1, 2)i = , we obtain the system of  
Volterra integral equations of the second kind 1(19 ), 2(19 ) and  
  1 2 1 2
0
( ) ( , ) ( ) ( , , , , ),
y
y K y t t dt f y     + + + += +                   (24) 
here kernel ( )2( , )K y t C I+ +  at y t , it can go to infinity of order that less than 1  at y t= , and the 
1 2 1 2( , , , , )f y    
+ - known function from the class ( ) ( )12 2C I C I+ +  [2]. 
According to the theory of  Volterra integral equations of the second kind[6-8], we find the only solution 
of the system 1(19 ), 2(19 ) ,(24) that belongs to the class ( ) ( )
10 0 .C y Y C y Y      
Now consider problem BK . Suppose that ( , )u x y  is a solution of problem BK . Then this problem is 
equivalent to system (19 )i , (20 )i , (23), (24). 
From (19 )i ( 1, 2)i = , (23), (24) we find  ( )i y , ( )y
− , ( )y +  and the set problem is equivalently 
reduced to a system of singular integral equations 1(20 ), 2(20 ) , that is, the problem BK is equivalently 
reduced to the research of problems iBK ( 1, 2)i = . 
The theorem is proved.  
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УДК 531.36 
 
ОБ УСТОЙЧИВОСТИ  НЕКОТОРЫХ НЕСТАЦИОНАРНЫХ  
НЕЛИНЕЙНЫХ СИСТЕМ 
 
Р. В. Муллажонов, Ш. Н. Абдугаппарова, Ж. В. Мирзаахмедова  
 
Ушбу ишда баъзи йирик масштабли системалар мувозанат ҳолатининг устуворлиги ёрдамчи 
чизиқли функциялар ёрдамида аниқланади. Бунинг учун умумлашган транспонирланган матрица 
тушунчаси киритилган. Стационар бўлмаган чизиқсиз йирик масштабли система турғунлигини 
йирик масштабли системани ёрдамчи чизиқли система билан алмаштириш орқали ўрганиш 
методи таклиф этилган. 
Калит сўзлар: турғунлик, асимптотик турғунлик, турғунмаслик, йирик масштабли система, Ляпунов 
функцияси 
 
В статье дан подход к исследованию устойчивости состояния равновесия некоторых КМС с 
помощью вспомогательных линейных систем. С этой целью введено понятие обобщенного 
транспонирования матриц. На этой основе изложены подходы для исследования устойчивости 
нестационарных нелинейных КМС, которые позволяют заменить исходную КМС некоторыми 
вспомогательными линейными системами. 
Ключевые слова: устойчивость, асимптотическая устойчивость, неустойчивость, крупномасштаб-
ная система, функции Ляпунова. 
 
Рассмотрим нестационарную нелинейную системы уравнений возмущенного движения  
 
( , ), ( ),x f t x x x t= =                      (1) 
 
где 1 2, ( , ,..., ) , ( , ) : ,
T n n n
nt R x x x x R f t x R R R
+ =   →   
( )1 2( , ) ( , ), ( , ),..., ( , ) , ( ,0) 0.
T
nf t x f t x f t x f t x f t= =  
 
Предположим, что 
1
( , ) ( , ) , ( , 1,2,..., .)
n
i ij j
j
f t x f t x x i j n
=
= =  
При этом систему (1) можно представить в псевдолинейной форме 
 
,),( xxtAx =                      (2) 
 
где  ( )( , ) ( , ) , ( , 1,2,..., .)ijA t x f t x i j n= =  
Пусть для функций ( , ), ( , 1, 2,..., )ijf t x i j n=  существуют линейно независимые строго 
положительные скалярные функции [2,3] 
 
0 1( ) 1, ( ),..., ( ),mx x x  =  
 
с порядком  строгости 00, 0,1,..., , 0,l l m c  = =   соответственно, такие что  
 
0
( , ) ( ) ( ), ( , 1, 2,..., ,)
m
l
ij ij l
l
f t x t x i j n 
=
= =  
 
где  ( ) : .lij t R R →  
Учитывая это, систему (2) представим в виде  
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